We observe that ω(G) + χ(S( G)) = n = ω(S( G)) + χ(G) for any graph G with n vertices, where G is any acyclic orientation of G and where S( G) is the (complement of the) auxiliary line graph introduced in [1] . (Where as usual, ω and χ denote the clique number and the chromatic number.) It follows that, for any graph parameter
Introduction
Throughout G is a simple undirected graph with vertex-set V := V (G) and with edge-set E := E(G). The clique number ω(G) of G (respectively, stable set number α(G) of G) is the maximum cardinality of a clique (respectively, stable set) of G, that is, is a subset of pairwise adjacent (respectively, nonadjacent) vertices of G. The chromatic number χ(G) (resp. clique covering number χ(G)) of G is the the minimum number of stable sets (resp. cliques) partitioning the vertex-set of G.
Clearly, ω(G) = α(G) and χ(G) = χ(G) for any graph G and its complement G, and α(G) ≤ χ(G) for any G.
A
graph parameter β(·) is called sandwich if α(G) ≤ β(G) ≤ χ(G) (equivalently, ω(G) ≤ β(G) ≤ χ(G))
for any graph G. The first sandwich parameter that can be computed in polynomial time (up to a fixed ε) was found by Lovász, showing in this way that computing α, ω, χ, χ is polynomial for perfect graphs, see [6] . Today, this graph parameter is called Lovász theta function ϑ(G) of G. Lovász observed that his theta function ϑ is often close to α, and it is still challenging now to produce good lower bounds for χ. In [2] and [4] the Lovász theta function is strengthen to be closer to χ. However, none of both strengthened theta functions can be greater than the NP-hard sandwich parameter obtained by linear programming, namely the fractionnal chromatic number χ f (G) of G. Futhermore, experimentaly, both strengthened theta functions are very close to the original one. It is showed in [3] that, unless P=NP, no polynomial sandwich parameter can be greater or equal than χ f (G) for all G.
In order to introduce our result, we present a remark about the line-graph L(G) of G, which is the graph with vertex-set V (L(G)) := E(G) where two vertices are linked by an edge in L(G) if and only if they correspond to adjacent edges of G. If G has no triangle, the line-graphe L(G) of G has the following sandwich property:
This property is called "sandwich" because it implies directly that, if
As an introduction example to our purpose let us consider now the trianglefree graph 10C 5 composed by 10 vertex-disjoint 5-cycles. We have α(10C 5 ) = 20, ϑ(10C 5 ) = 22.36, χ f (10C 5 ) = 25, and χ(10C 5 
.64 which is close to χ and better than the NP-hard χ f .
In this paper we show that the modified line graph introduced in [1] has the sandwich property for all graphs. Moreover, we give numerical experimentations comparing Lovász theta function ϑ and a new sandwich parameter Φ ϑ obtained with this modified line-graph; it shows that Φ ϑ is significantly closer to the clique covering number than ϑ.
In Section 2, we show that the modified line-graph S( G) of G has the sandwich property, so we can call it the sandwich line-graph. In Section 3, we show experimentaly that the sandwich line-graph is usefull to produce better lower bound for χ from ϑ.
2 The sandwich line graph Definition 2.1 Let G be an oriented graph. A pair {e, f } of adjacent arcs is said to be simplicial if e = (u, v) and f = (u, w), and if v and w are adjacent in G.
Theorem 2.2 Let G = (V, E) be an undirected graph and let G be any acyclic orientation of G. If S( G) is the graph with vertex-set the arc-set of G where two vertices are adjacent in S( G) if and only if they correspond to a nonsimplicial pair of adjacent arcs of G, then
Proof. The first equality in (1) has been proved in [1] . So we only have to prove that the second equality is true. This last equality is equivalent to
by the well-known Gallai identity, where τ (G) is the minimum cardinality of a vertex-cover T of G, that is, a set T ⊆ V such that every edge of G has at least one vertex in T .
Let K = {K 1 , . . . , K r } be a partition of the vertex-set of S( G) such that each K i is a clique of S( G). Since K i is a clique of S( G), it follows that there exists a vertex v i of G such that each vertex of K i corresponds to an edge of G which is incident with v i , for i = 1, . . . , r. Otherwise G has a directed triangle, which is impossible since it is acyclic. Since K is a clique partition,
Now let T be a vertex-cover of G. For each v ∈ T , let δ T (v) be the set of all edges e of G such that v is the head of e, or such that v is the tail of e the head of which is not in T . Note that, since T is a vertex-cover, every edge of G belongs to δ T (v) for one v ∈ T . Futhermore, δ T (v) is a clique in
S( G). It follows that {δ T (v) : v ∈ T } is a clique partition of S( G), and hence χ(S( G)) ≤ τ (G).
2
Corollary 2.3 Given any acyclic orientation G of G, if β(G) is a sandwich graph parameter, then |V (G)|−β(S( G)) is sandwiched between α(G) and χ(G)
too.
Proof. Since α(S( G)) ≤ β(S( G)), then |V (G)| − β(S( G)) ≤ χ(G). Since β(S( G)) ≤ χ(S( G)), then α(G) ≤ |V (G)| − β(S( G)). 2

Corollary 2.4 For any undirected graph
G, denote S 0 ( G) = G and define S i+1 ( G) := S( S i ( G)) where S i ( G) is
an arbitrary acyclic orientation of S i ( G). For any integer k, if β(G) is a sandwich graph parameter, then
Proof. It suffices to apply recursively Corollary 2.3. 2
Numerical experiments
Given an undirected graph G, we let G be an arbitrary acyclic orientation of
G, and we define Φ ϑ (G) := |V (G)| − ϑ(S( G)).
So, Φ ϑ (G) is not uniquely defined but it is uniquely defined up to an acyclic orientation G of G. When graphs feature triangles, S( G) differs from L(G)
in that one edge is removed for each triangle of G, according to the acyclic orientation. It follows that different S( G) are likely to be generated from different orientations, which will result in distinct values for the bound Φ ϑ .
A characterization of the acyclic orientation producing the best lower bound for χ is still unknown. A greedy algorithm based on the dual values of a Semidefinite Program used to compute ϑ on graphs intermediate between L(G) and S( G) may be considered, but iteratively solving these SDPs need an amount of CPU time that can be used more efficiently by computing S( G) for a number of (randomly generated) acyclic orientations and selecting the best one.
We now present some comparative results on some graphs. Graphs for which the equality α = χ holds present no interest, so we focus on two families of graphs. First, graphs My k where My k denote the series of graphs obtained by iteratively apply the so-called Mycielski transformation to My 3 = C 5 . [5] . (Where χ f denotes the fractional clique covering number, see [6] .) For each instance we compute the lowest, mean and highest values for |V (G)| − ϑ(S( G)) obtained using 20 randomly generated acyclic orientations and compare them to the classical Lovász ϑ and χ f bounds. Comparisons show that Φ ϑ does vary when different acyclic orientations are used to construct S( G), yet the variations are limited. Any orientation seems to produce a bound Φ ϑ ≥ ϑ, and for moderate sizes of graphs this (polynomial) bound is competitive with (NP-hard) χ f .
Such graphs verify α(My
k ) = 2 while χ(My k ) = k. Moreover, χ f (My k+1 ) = χ f (My k ) + 1 χ f (My k )
|V | |E|
Conclusion
The sandwich line-graph proves to be a useful tool to derive relaxations of χ and α from each other. When ϑ is used a polynomial bound is then computed which for some range of graphs is on a similar quality than χ f . Yet, calculations needed to compute the bound are much heavier than for the original bound : to obtain a bound on a graph G, we have to compute a bound on a graph with |E(G)| vertices ; in comparison, however, the approach of [3] needs to compute a bound on graphs with |V (G)| × t k vertices at each iteration until the least t k verifying a certain property is found. The influence of the acyclic orientation needed to generate the sandwich line-graph is enlighted ; however, the range of values for bounds computed for the same graph using different orientations is not very important in practice and if enough CPU time is available, one is adviced to try different orientations and choose the best value returned. Criteria for a priori "good" orientations are currently unknown and may indeed heavily depend on the parameter β used to compute Φ β .
We conjecture that for any graph with an arbitrary orientation G, we have:
the first inequality being an equality for graphs such that α = χ, the latter one for kC 5 .
